A typical rod-disk rotor is meshed by three-dimensional solid elements. The stability features, whirling motions and frequency spectrums of 3D rod-disk rotor rolling bearing system are investigated by combining nonlinear analysis method and finite element method. Meanwhile, an identical 1D rod-disk rotor system is introduced for comparison. With the support of the ball bearing, the stability region of 1D and 3D rod-disk rotors shows good consistency at lower speed and has obvious differences at higher speed. However, 3D rotor has smaller bending deformation because 3D solid elements can restrict large deflection but the equivalent springs in 1D model do not have this function. When cylindrical roller bearings are applied, both rotors also have the same frequency spectrums which consist of rotating frequency, variable compliance frequency and their linear combinations. Moreover, 3D rotor dynamics have the advantage of analyzing dynamic stress. In short, this paper proposes a numerical way to investigate the dynamic behaviors of 3D rod-disk rotor rolling bearing system.
Introduction
Rod-disk rotor is a kind of combined rotor whose disks are tightened by some rods. Rod-disk rotor rolling bearing system has been widely applied into the power system of ships and airplanes. However, the complicated structure of rod-disk rotor brings about analysis problem. The main reason is that the traditional 1D rotor models [1] [2] [3] [4] [5] [6] cause significant structural simplification. As a result, mass, gyroscope and stiffness matrix cannot be calculated precisely. It will lead to inevitable inaccuracy in the process of dynamic analysis. Therefore, 3D rotor dynamic method becomes important for complicated rotor rolling bearing system. Although 3D rotor dynamic method of integral rotor 7 has been presented, 3D rod-disk rotor system also needs to be investigated.
On the other hand, basic rolling bearing models like deep groove ball bearings and cylindrical roller bearings are treated as nonlinear spring and damping whose coefficients are determined by Hertzian contact forces. 8, 9 The stability of rolling bearing system is investigated affected by clearance. 10, 11 The frequency of variable compliance vibration equals number of rolling elements multiplied by the cage frequency. 12, 13 In this paper, 3D rod-disk rotor is built by applying 3D finite element method. 14 The combined rotor rolling bearing system is reduced by a mode synthesis method. 15 The nonlinear dynamic behaviors such as stability, whirling motions and frequency spectrums are investigated. 16, 17 The nonlinear dynamic behaviors of 3D rod-disk rotor rolling bearing system are obtained. The comparison between 1D and 3D rotor systems is carried out.
Dynamic model of 3D rod-disk rotor ball bearing system Differential equations Figure 1 describes a classic rod-disk rotor ball bearing system. Rod-disk rotor is mainly composed of a continuous shaft and two rotating disks. In addition, 12 rods are distributed uniformly and they are used to tighten two disks. The rotor is supported by two deep groove ball bearings and then it is speeded up to 30,000 r/min. The variables of rods and bearings are listed in Table 1 .
It is assumed that rod-disk rotor is established by three-dimensional elements and each element has four nodes or more. Thus, 3D rod-disk rotor ball bearing system has the following differential equations
Dimension reduction
As the equation dimensions of 3D rotor system are massive, it is not feasible to solve equation (1) directly. Therefore, most linear DOFs should be reduced and all nonlinear DOFs must be reserved. Then dynamic equations are partitioned to form linear and nonlinear sections
In order to reduce the DOF dimensions of linear section, u is written as a linear combination of some columns u ¼ T 1 q 0 in which T 1 ¼ (È a È i ). The columns of È i are the mass normalized solutions and the columns of È a are residual flexibility. 15 Then u is rewritten as
In equation (3), q a is replaced by u a based on matrix
As a result, a combined transform is formed
Dimension transform u ¼ Tq is multiplied by T T , and the 3D rod-disk rotor ball bearing system is changed as
Therefore, the dynamic equations of reduced 3D rotor system are obtained
Nonlinear forces of deep groove ball bearings Figure 2 shows the model of deep groove ball bearing. Since the outer ring is bonded with bearing base, the cage speed is obtained from Lynagh et al. 18 if there is no slip at the inner and outer races
Ball passing frequency is also listed as The position angle j of jth ball is expressed as
When elastic balls have radial load, jth ball will have its corresponding deformation
Hertzian theory is used to calculate contact force. The radial clearance is not significant to ensure that contact conditions remains in elastic-hydrodynamic conditions and Hertzian theory has its validity. 19 As a result, the contact force of jth ball is written as
The contact damping c b is calculated based on k j , 20 and it is written as
Therefore, the sum nonlinear forces of ball bearing is listed as
Solving algorithm of nonlinear 3D rotor system
The whirling status of rod-disk rotor is determined by the displacement and velocity of its maintained nodes;
As unbalance force has periodic property, equation (15) can be solved based on the following nonlinear expression when remains in a constant value
The target solution X* according to the Newton iteration and Taylor expansion is expressed as
When equation (15) and (16) combine, target solution X* is approached gradually based on the iterative mode
where qH/qX 0 depends on the integration of equation (19) whose original value equals I.
When the target solution X* equals X n at ¼ n , the n þ 1 solution is tracked by the following prediction
where qH/q is calculated by integration of the following equation
The n þ 1 solution is confirmed by the correction process when X* ¼ X n
Nonlinear analysis results
In order to make results clearer, 1D rod-disk rotor ball bearing system is introduced for comparison ( Figure 3) . In 3D rotor system, 32,256 hexahedral elements are used to discretize rotor. When the most of linear DOFs are reduced, only 18 DOFs are reserved. In 1D rotor system, it is meshed by seven two-node Timoshenko elements, 21 and 24 DOFs are maintained. Moreover, circumferential rods are equivalent to some springs whose stiffness matrix K rod is determined by the following formula
In addition, Table 2 shows the reserved nodes and the nonlinear forces for both rod-disk rotor ball bearing systems.
Stability region
The stability regions of both rod-disk rotor systems are shown in Figure 4 . Variables (Q, C, T, 2T, MT) mean 
Whirling motions
This part compares nonlinear whirling motions of both rotors in four global stability areas (Q, C, T and 2T). Eight nodes on shaft's axis are selected to represent entire rod-disk rotor. The various whirling motions of these nodes are obtained by multiplying T À1 through equation (7). Figure 5 shows the whirling motions of these nodes. The transient deformed axis (the line connect all the orbits) shows rotor's vibration mode. It demonstrates that 1D rotor has a larger bending deformation than 3D rotor. The reason is that rods are equivalent to springs in 1D rotor model and they cannot restrict bending deformation. As a result, larger deformation occurs to 1D combined rotor. On the contrary, rods in 3D rotor model are built by 3D finite elements directly which are suited to modeling complicated meshes and large deflection.
Furthermore, the whirling orbits of maintained node (at bearing 'k') are shown in Figure 6 . For different dynamic status, both rotors have similar orbit size and position phase. The fact that two orbits stay in the same magnitude shows that Timoshenko beam elements and 3D solid elements have basic consistency when they are used to model rotor.
Besides, the Poincare´maps confirm different nonlinear dynamic behaviors (Figure 7) . The Poincareḿ aps of quasi-periodic orbits perform a closed curve, and that of chaotic orbits includes another type of closed curve because chaotic motions stem from global quasi-periodic motions here. In addition, the Poincare´maps of double-periodic (or periodic) orbits have two (or one) isolated points.
The frequency features of whirling orbits are also analyzed in this part. Fast Fourier transform is performed based on the whirling orbits (Figure 8 ). The amplitudes of frequency spectrums are the vibration response in x direction (for instance). It can be seen that:
(1) Rotating frequency f e ¼ 50 Hz depends on the rotating speed; besides, 2f e originates from quasiperiodic motion and f e /2 is determined by doubleperiodic motion. (2) 1D and 3D chaotic motions have the same frequency components which mainly consist of (f 1 ,
It should be noted that f 1 is just a common frequency component which originates from chaotic motion. For example, when ! ranges from 23,400 r/min to 24,900 r/min, Figure (9) shows that Figure 6 . Whirling orbits of reserved node at bearing 'k' for both rotors. (a) Quasi-periodic orbits at 3000 r/min, (b) chaotic orbits at 6600 r/min, (c) periodic orbits at 12,000 r/min and (d) double-periodic orbits at 21,000 r/min. there are also some other complicated frequencies in which f 1 has no relationship with f e .
From the perspective of frequency spectrums, 1D and 3D have the same features which also prove that 3D rotor ball bearing analysis method is sufficiently feasible to obtain the dynamic characteristics of roddisk rotor.
Effects of bearing type
In this part, the bearings are changed from deep groove ball bearings into cylindrical roller bearings. The purpose is to prove whether 1D and 3D rod-disk rotors have the similar dynamic features when the type of bearing is altered.
As a result, the contact status between rollers and races is changed into line contact. According to Lundberg theory, 23 the contact stiffness k in /k out between inner/outer race and each cylindrical roller is written as
Therefore, the total contact stiffness k j between jth roller and races can be obtained based on Harris research
Therefore, the contact force between j-th roller and races are written as
Since contact angle ¼ 0 for cylindrical roller bearings, the sum radial nonlinear forces of this bearing is written as
With cylindrical roller bearings supporting, the whirling motions of 1D and 3D rod-disk rotor also have the similar frequency spectrums (Figure 10 ). For the large speed range (3000-30,000 r/min) and small mass eccentricity (e ¼ 0.1 mm), the frequencies of both rotor systems are composed of f e , f b and f b AE nf e (n ¼ 1, 2, 3) .
Generally, the method in this paper is also feasible for analyzing 3D rod-disk rotor roller bearing system. Moreover, the phase plane of periodic orbits for ball bearing is shown when ! ¼ 12,000 r/min. In Figure 11 (a), orbits in phase plane are not a standard ellipse because rod-disk rotor is not a rigid rotor but a flexible rotor. (y, _ y) orbit moves right on the base of (x, _ x) orbit because there is a gravity in the y direction. The displacement of (y, _ y) orbit is small because gravity is much smaller than unbalance force at 12,000 r/min; Figure 11(b) shows that the orbit of 3D rotor has the same property with the orbit of 1D rotor.
Dynamic stress
An important advantage of 3D rotor dynamic analysis is to obtain dynamic stress which establishes the relationship between rotor's vibration and fatigue characteristics.
Besides external loads, the dynamic stress of roddisk rotor is determined by the transient displacements of all nodes during rotor's whirling. For each element, a and r are connected by D and L r ¼ DLa ð28Þ Taking double-periodic motion ( Figure 5(d) ) for example, the dynamic stress of 3D rod-disk rotor in 2T area is shown in Figure 12 .
Since rod-disk rotor has whirling bending deformation, the maximum stress spot locates at the middle region of rod. Its value approximately equals 2.682 MPa. Although it is much smaller than the yield limit, dynamic stress has possibly obvious impact when little crack appears on rod. At that time, it will influence the fatigue property of this combined rotor. In addition, the variation of the maximum stress performs a double-periodic function which has great resemblance with its vibration motion. 
